Abstract. We prove that the Hausdor dimension of a conformal repeller is stable under random perturbations. Our perturbation model uses the notion of a bundle random dynamical system. The main ingredient of our proof is a version of the Bowen-Ruelle formula for expanding almost conformal bundle random dynamical systems.
Introduction
Assume J is a mixing repeller for a C 1+ expanding map F on a Riemannian manifold M. If Moreover, one has that the equilibrium state of x 7 ! ?t 0 log kD x Fk is equivalent to the t 0 -Hausdor measure.
In this paper we consider a random perturbation of this situation which is modelled using the notion of a (bundle) random dynamical system (abbreviated RDS henceforth). More precisely, x an ergodic invertible transformation # of a Lebesgue space ( ; F; P) and consider a measurable family ' = f'(!) : M ! Mg of C 1+ maps, i. e. (!; x) 7 ! '(!)x is assumed to be measurable. This determines a di erentiable RDS via '(n; !) := '(# n?1 !) : : : '(!) (n 2 N). Further, let E X be a measurable set such that all !-sections E ! := fxj(!; x) 2 Eg are compact. If K denotes the collection of all compact subsets of M endowed with the Hausdor topology this is equivalent to saying that the K-valued multifunction ! 7 ! E ! is measurable. We refer to E as a compact bundle over and to the E ! 's as its bers. E is said to be invariant with respect to ' if '(!)E ! = E #! P-a. s. The restriction of ' to an invariant bundle E (or, slightly more general, any measurable family f'(!) : E ! ! E #! g of maps between bers) is referred to as a bundle RDS. In this situation ! 7 ! HD(E ! ) is a P-a. s. constant HD(E), say (see e. g. Crauel and Flandoli CF98, Lemma 4.2]).
The aim of this paper is to make rigorous the statement that if a bundle RDS is close to an expanding map on a repeller then the corresponding Hausdor dimensions are close.
The paper is organized as follows.
In section 1 we discuss the pressure functional of a bundle RDS. In particular, we allow random radii in the de nition of a Bowen ball and study the e ect of this on the de nition of the pressure given by Bogensch utz Bog92] .
In section 2 we introduce our model of random perturbation, which has essentially been inspired by a recent result of Liu Liu98] , and formulate a general statement about stochastic stability of the pressure.
Section 3 might be considered as the core of our paper. Here, we introduce the notion of an expanding almost conformal bundle RDS and prove a version of the Bowen-Ruelle formula for such systems. This set-up generalizes the purely topological characterization of conformality which has rst been studied by Ochs Och95] . A rst random version of the Bowen-Ruelle formula has been given by Kifer Kif96] for quite a restricted situation. However, it turned out that the basic techniques of Kifer's proof are suited to be generalized for our purposes.
In section 4, nally, we formulate and prove our main result which, tersely speaking, states that the Hausdor dimension of a conformal repeller is stochastically stable.
1. The pressure of a bundle RDS Let # be an ergodic invertible transformation of a Lebesgue space ( ; F; P).
Further, let E be a compact bundle over with bers in a Polish space M. Let ' be a continuous bundle RDS over #, i. e. '(!) : E ! ! E #! is continuous P-a. s.
Here and in what follows we think of E ! being equipped with the trace topology, where d is the given metric on M.
A subset G of E ! is said to be (!; n; )-separated (with respect to '), if x; y 2 G, x 6 = y, implies y = 2 B ! (n; x; ).
For f 2 L 1 E ( ; C(M)) and n 1 we denote F n (!)x := P n?1 i=0 f i (!; x) = P n?1 i=0 f(# i !) '(i; !)x and put ' (f)(!; n; ) := sup ( X x2G exp F n (!)x j G E ! is (!; n; )-separated ) :
One can see as in Bogensch utz Bog92, Lemma 5.3] that ! 7 ! ' (f)(!; n; ) is measurable for each n 2 N and any measurable : ! (0; 1]. For f 2 L 1 E ( ; C(M)) and :
For the sake of distinction, we denote small numbers by and use (possibly with subscripts) exclusively for small random variables in this section. With this, the pressure ' (f) of ' at f may be de ned by ' (f) := lim #0 ' (f)( ).
It seems to be a bit unnatural to rst integrate and then go to the limit in the de nition of ' (f)( ). This, however, turned out to be important in proving the variational principle (cf. Bog92]). A more natural approach is based on the following.
1.2. Lemma. For f 2 L 1 E ( ; C(M)) and : ! (0; 1] the limit lim sup n!1 1 n log ' (f)(!; n; ) =: ' (f)( ) is P-a. s. independent of !.
Proof. Write ' (f)(!; ) := lim sup n!1 1 n log ' (f)(!; n; ). We will show that ' (f)(!; ) ' (f)(#!; ). From this we conclude that ' Since this holds true for all (!; n; )-separated sets G we have ' (f)(!; n; ) e kf(!)k ' (f)(#!; n ? 1; ) which yields the desired. 
Proof. By Nash's Embedding Theorem M can be isometrically embedded in R N for N big enough (cf. Gromov and Rokhlin GR70]). Therefore it su ces to prove the statement for M = R N , say. First note that clearly 1 < 2 implies ' (f)( 1 ) ' (f)( 2 ). With k := ess sup k we have ' 
We have to show that lim 
where (iv) is a consequence of (iii) and (1). Note also that H (Z j ?1 F) < 1 by (iv).
With these properties the calculations in Bog92, Theorem 6.1] proving (2) can be carried out without substantial changes.
In the sequel we will be interested in expansiveness.
1.5. De nition. A bundle RDS ' is said to be (positive) expansive if there exists a (0; 1)-valued random variable such that d('(n; !)x; '(n; !)y) (# n !) for all n 2 N implies x = y.
We call an expansive constant.
In studying expansiveness the concept of a generator and the de nition of pressure using open coverings is useful. 
An expansive RDS is said to be strongly expansive if it possesses a strong generator.
1.8. Example. In a recent paper of Gundlach and Kifer GK98] the following uniformity assumption on an expansive RDS appears: 1.9. Theorem. Let ' be a strongly expansive bundle RDS with expansive constant . Further, let f 2 L 1 E ( ; C(M)) and let be a (0; 1)-valued random variable with
n log ' (f)(!; n; ) P-a. s.
In the situation of proposition 1.4, thus, the above convergence holds if log 2 L 1 (P).
Proof. The proof can be obtained by adapting the argument of Walters Wal82, Theorem 9.6] and will not be carried out here. We just remark that by reasoning for P-a. e. ! separately one ends up with
The assumption lim k!1 ' (f)( k ) = ' (f) is needed to ensure lim k!1 ' (f)( k ) = ' (f) (which again follows using a randomized result of Walters Wal82, Theorem 9.2]); hence by monotonicity ' (f)( ) ' (f). determines an expanding bundle RDS; if F is conformal, however, the same will not be true for ' in general, i. e. we will not be in the situation of Kifer Kif96, Theorem 4.8]. We will discuss this particular situation in more detail in section 4.
Let us nally remark that if we assume M to be compact and put = U = M, and if we assume supp ' P B (F ), we are in a situation which is quite well understood (cf. Baladi Bal97], Baladi, Kondah, and Schmitt BKS96], Bogensch utz Bog96]).
Put X = U and let C (X; R) denote the space of all H older continuous functions on X with H older exponent . We endow C (X; R) with the usual norm k k := k k 1 + j j , where k k 1 is the sup-norm and j j is the least H older constant, i. e. jfj := sup x;y2X;x6 =y jf(x)?f(y)j d(x;y) .
2.3. Proposition. Let f' g >0 be a structurally stable random perturbation of F on . Further, let ff g >0 be a family of C (X; R)-valued random variables satisfying lim !0 kf ? fk = 0 in L 1 (P) for some f 2 C (X; R). Then
Proof From this the claim follows by the continuity of the pressure. 3. A random version of the Bowen-Ruelle formula The classical Bowen{Ruelle formula connects the Hausdor dimension of a conformal repeller of a deterministic C 1+ map with topological pressure. In the sequel we will generalize this result to a class of random invariant compact sets of a random dynamical system which we will call \almost conformal repellers". A map is called conformal, if the expansion of its linearization at each point is the same in every direction. We will weaken this assumption by requiring certain lower and upper bounds of expansion in di erent directions. Repeller in our sense means that the distance of nearby points \increases in average". Formally this looks as follows.
3.1. De nition. Let ' be a continuous bundle RDS on a compact bundle E with bers in some complete separable metric space (M; d).
(i) ' is said to be ( ; ) almost conformal if there exist measurable functions ; : E ! R + , and K : ! R + , with log + K 2 L 1 (P), log ; log 2 L 1 E ( ; C(M)), and (!; ); (!; ) H older continuous in x with uniform exponent , 0 < 1 such that
for every ! 2 and x 6 = y 2 E ! .
(ii) ' is said to be expanding on E (or: E is called an almost conformal repeller for ') if, in addition, for almost every ! 2 there exists n = n(!) 1 with n (!) := min x2E! n (!; x) > 1; where n (!; x) := Q n?1 k=0 (# k !; '(k; !)x).
3.2. Remark. and can be interpreted as bounds for the \local expansion rate" of '. In particular, in the case = part (i) of the de nition gives a characterization of conformality without using a di erential structure (cf. Ochs Och95] for the deterministic case).
3.3. Lemma. Let ' be an expanding ( ; ) almost conformal bundle RDS on E.
There exist positive random variables , R, andR such that the following holds:
(i) is an expansive constant for ' with log 2 L 1 (P).
(ii) For every n 0 we have that P-a. s.
B ! (n + 1; x; ) B x; e R(# n !) n (!; x)
for every x 2 E ! . (iii) For every n 2 N and 0 < 1 we have that P-a. s. To prove (ii), take x 2 E ! and y 2 B ! (n + 1; x; ), i. e. 3.4. Theorem. Let ' be an expanding ( ; ) almost conformal bundle RDS on E.
(i) There exists a unique real number t 1 0 with ' (?t 1 log ) = 0. For P almost every ! we have t 1 HD(E ! ): (ii) There exists a unique real number t 2 0 with ' (?t 2 log )( =2) = 0, where is the expansive constant from lemma 3.3. ?h m (')=t 1 = t:
Because t < t 1 was arbitrary, this completes the proof of (10), hence (i).
(ii) By the de nition of and n (!; x) n (!) we have P a. Here n , n are from de nition 3.1 and from (4). This shows since ' (0)( =2) 0] that there exists a unique t 2 0 with ' (?t 2 log )( =2) = 0.
Take R(!) from lemma 3.3(ii) and x R < 1 with PfR(!) Rg > 0. For a.e. ! there exists a sequence (n(j)) j2N of integers with lim j!1 n(j) = 1 and R(# n(j) !) R for all j 2 N. For every j choose a maximal (!; n(j) + 1; =2){ separated set G j E ! so that n(j) + 1 log ' (?t log )(!; n(j) + 1; =2) = ' (?t log )( =2) < 0:
Since sup x2Gj diam B ! (n(j) + 1; x; ) tends to 0 as j ! 1 the t{dimensional Hausdor measure of E ! is nite for every t > t 2 . Hence we have HD(E ! ) t 2 for P{a.e. !.
We can improve statement (ii) as soon as we are in the situation of theorem 1.9, in that then we may look at the zero of t 7 ! ' (?t log ). The following, thus, is just a reformulation of theorem 3.4 for the special case which we will consider later on.
3.5. Corollary. Let ' be an expanding ( ; ) almost conformal bundle RDS on a compact bundle E with bers in a nite dimensional Riemannian manifold M.
(ii) ' is strongly expansive. Then there exist unique real numbers t 2 t 1 0 with ' (?t 1 log ) = 0 = ' (?t 2 log ). We have t 1 HD(E ! ) t 2 P-a. s.
Note that this gives an exact formula for the Hausdor dimension in the conformal case, i. e. when = . 3.6. Remark. A rst random version of the Bowen{Ruelle formula has been given by Kifer Kif96, Theorem 4.8]. Our proof of theorem 3.4 is based on the ideas of Kifer's proof: Using coverings by random Bowen balls to prove the upper bound and using the Brin-Katok formula to prove the lower bound.
The main di erences between theorem 3.4 and Kifer Kif96, ; maxfkD' (!)(x)k : x 2 V g r 0 :
(2) We claim that ' is expanding in the sense of de nition 3.1(ii). To prove this we have to show that there exists n = n(!) 1 with n (!) := min x2J (!) Q n?1 k=0 (# k !; ' (k; !)x) > 1. Let and n be from de nition 4.1(iii) and (iv). Observe that lim !0 log n ( ) = min x2J log (F n?1 x) + ::: + log (x) > 0 in probability.
By making U(F) smaller if necessary we have that j log(jD'(x)ej)j is uniformly bounded for all ' 2 U(F), x 2 V , and e 2 T x M with jej = 1. Thus lim !0 log n ( ) = min x2J log (F n?1 x) + ::: + log (x) > 0 also in L 1 .
Hence for su ciently small the subadditive ergodic theorem yields 0 < sup n 1 1 n Z log n dP = lim n!1 1 n Z log n dP = lim n!1 1 n log n (!) P{a.s., i. e. for a.e. ! there exists n(!) with log n(!) (!) > 0.
(3) We claim that ' is strongly expansive. Since Fj J is expanding there exist a neighborhood V of J, a constant c > 0, and an integer n 1 such that jDF n (x)j 1+c for every x 2 V . We can choose U(F) in a way that jD(' n ::: ' 1 )(x)j 1+ c 2 whenever ' 1 ; :::; ' n 2 U(F) and x 2 V , and that J (!) V for every > 0 and ! 2 . Then ' is uniformly expanding and thus strongly expansive on the bundle (J (!)) !2 .
(4) Now let L J be compact with FL = L. We apply corollary 3.5 to the bundle RDS ' on E := f(!; x) : x 2 h (!)Lg. Denoting the pressure functional of ' restricted to E by , thus, we have that there exist t 2 t 1 0 with (?t 1 log ) = 0 = (?t 2 log ) and t 1 HD(h (!)L) t 2 P-a. s. Furthermore, by the classical Bowen-Ruelle formula the Hausdor dimension of L is the unique t 0 0 with FjL (?t 0 log ) = 0.
(5) Next, we apply proposition 2.3. Just note that lim !0 k log ? log k = 0 = lim !0 k log ? log k in L 1 (P) because j log k(D' (!)(x)) 1 kj is uniformly bounded. Hence lim !0 (?t log ) = lim !0 (?t log ) = FjL (?t log ) for every t 0.
(6) To complete the proof, let > 0 be given. Because t 7 ! FjL (?t log ) is strictly decreasing there exists 0 > 0 such that for 0 (?(t 0 + ) log ) < 0 < (?(t 0 ? ) log ) and (?(t 0 + ) log ) < 0 < (?(t 0 ? ) log ): Thus t 0 ? < t 1 HD(h (!)L) t 2 < t 0 + , nishing the proof. 4.4. Remark. Ruelle Rue83] showed that if J is a mixing conformal repeller for F and t = HD(J) then the equilibrium state m of ?t log jDFj is the unique invariant probability measure which is equivalent to the t{dimensional Hausdor measure.
Corollary 2.4 implies that m is stochastically stable in the following sense. Let (' ) >0 satisfy the assumptions of theorem 3.4 and let be an equilibrium state for ?t 1 log (or ?t 2 log ) with respect to ' . Then lim !0 = P m.
If in addition the ' (!) are conformal then = . \Randomizing" Ruelle's proof one should be able to show that is the unique ' invariant measure whose disintegrations on the bers J (!) are almost surely equivalent to the t 1 = t 2 = HD(J (!)) dimensional Hausdor measure. 4.5. Remark. Combining techniques of McCluskey and Manning MM83] with that of this paper it should be possible to derive stochastic stability of the Hausdor dimension of \horseshoes", where a horseshoe is meant to be a hyperbolic invariant set of a surface di eomorphism with one{dimensional stable and unstable manifold, respectively.
